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To every squarefree monomial ideal one can associate a hyper-
graph. In this paper we show that the Hilbert series of a squarefree
monomial ideal can be obtained from the so-called edge induced
polynomial of the associated hypergraph.
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1. Introduction and preliminaries
Suppose that I is a squarefree monomial ideal in R = K[x1, . . . , xn], where K is a ﬁeld. One can
associate a hypergraph H(I) on the vertex set {x1, . . . , xn} to I , simply by considering the minimal
monomial generators of I as edges of H(I). Recall that a hypergraph on the vertex set V = {x1, . . . , xn}
is a family H= {ε1, . . . , εm} of nonempty distinct subsets of V with no proper containment relation.
An edge induced sub-hypergraph of H is L = {εl1 , . . . , εlt } ⊂ {ε1, . . . , εm} on the vertex set VL :=⋃
j εl j . A vertex induced sub-hypergraph of H induced by W ⊆ V is HW = {ε ∈H | ε ⊆ W }. The edge
induced polynomial of a hypergraph H is SH(x, y) =∑i, j γi j xi y j , where γi j is the number of edge
induced sub-hypergraphs of H with i vertices and j edges.1
It was shown by Renteln [6, Theorem 4.1] (see also [2]) that if I is quadratic, then the Hilbert
series of the quotient R/I can be computed from the edge induced polynomial of H(I). Note that in
this case H(I) will be a graph.
The aim of this note is to generalize this result by showing that the same result holds for any
squarefree monomial ideal. More precisely we will prove the following result.
E-mail address: af.goodarzi@gmail.com.
1 We assume γ00 = 1, for convenience.0097-3165/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
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316 A. Goodarzi / Journal of Combinatorial Theory, Series A 120 (2013) 315–317Theorem 1.1. Let I ⊂ R = K[x1, . . . , xn] be a squarefree monomial ideal andH=H(I) its associated hyper-
graph. Then
Hilb(R/I, t) = SH(t,−1)
(1− t)n .
We refer to the books by Miller and Sturmfels [4], and Munkres [5] for unexplained terminology.
2. Complexes of hypergraphs
An independent set in a hypergraph H = {ε1, . . . , εm} is a subset W of vertices of H such that
ε j  W for all j. The collection ¯(H) of all independent sets of H forms a simplicial complex that
is called the independence complex of H. An edge cover of H is a subset {εl1 , . . . , εlt } of the edges
of H such that ⋃ j εl j = V . An edge cover of cardinality t will be called a t-cover. The collection of
complements of edge covers of H forms a simplicial complex Λ(H) on the vertex set {ε1, . . . , εm}.
We will call this complex the edge cover complex of H.
Denote by Γ (H) the simplicial complex on the vertex set {ε1, . . . , εm} as those subsets of
{ε1, . . . , εm} whose union is not all of V . This complex appeared in [1], where the authors [1, Theo-
rem 2] showed that
H˜i
(
¯(H); S)∼= H˜ |V |−3−i(Γ (H); S)
where H˜ denotes the reduced (co)homology and S is an arbitrary commutative ring.
It is easy to see that Γ (H) is equal to Λ(H)∗ , the Alexander dual of Λ(H). Therefore using com-
binatorial Alexander duality, one can deduce the following result for which the special case when H
is a graph has been proved in [3].
Proposition 2.1. LetH= {ε1, . . . , εm} be a hypergraph on the vertex set V = {x1, . . . , xn}. Then
H˜i
(
¯(H); S)∼= H˜m−n+i(Λ(H); S).
3. Proof of Theorem 1.1
Proof. If we ﬁx a subset W of V = {x1, . . . , xn} and consider all edge induced sub-hypergraphs on the
vertex set W and then sum over all choices of W ⊂ V , we obtain that
SH(x, y) =
∑
j
∑
|W |= j
(∑
i
γi(W )y
i
)
x j
where γi(W ) is the number of edge induced sub-hypergraphs L of H with VL = W . Note that
γi(W ) equals to the number of i-covers of HW . Now we denote by EW the set of edges of HW .
The complementation map c : EW → EW induces a one–one correspondence between the set of all
k-covers of HW and the set of (|EW | − k − 1)-faces of Λ(HW ), for all k. So we have
SH(t,−1) =
∑
j
∑
|W |= j
(∑
i
(−1)i f |EW |−i−1
(
Λ(HW )
))
t j,
and therefore the Euler–Poincaré formula yields that
SH(t,−1) =
∑
j
∑
|W |= j
(∑
i
(−1)i β˜|EW |−i−1
(
Λ(HW )
))
t j.
Now Proposition 2.1 implies that
SH(t,−1) =
∑
j
∑
|W |= j
(∑
i
β˜ j−i−1
(
¯(HW )
))
t j.
A. Goodarzi / Journal of Combinatorial Theory, Series A 120 (2013) 315–317 317Changing the order of summation and using Hochster’s formula [4, Corollary 5.12], we get
SH(t,−1) =∑i∑ j(−1)ibi, jt j , where bi, j stands for the sum of all ﬁnely graded Betti numbers bi,σ
with |σ | = j. Now the result follows from, e.g. [4, Theorem 8.20]. 
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